Abstract. Let G be a finite group and ψ(G) = g∈G o(g), where o(g) denotes the order of g ∈ G.
Introduction
In this paper all groups are finite. The cyclic group of order n is denoted by C n . Let ψ(G) = g∈G o(g), the sum of element orders in a group G. The function ψ(G) was introduced by Amiri, Jafarian and Isaacs [2] .
Many authors try to get some relations between the structure of the group G and ψ(G) (see [7, 8, 9, 11] ). Recently it is proved that if ψ(G) > 211 1617 ψ(C n ), where G is a finite group of order n, then G is solvable [4, 6] .
From the observation that A 4 satisfies ψ(A 4 ) = 31 and ψ(C 12 ) = 77, in [12] M. Tȃrnȃuceanu put forward the following conjecture:
[T]-Conjecture [12, Conjecture 1.5] If G is a group of order n and ψ(G) > 31 77 ψ(C n ), then G is supersolvable.
First, in this paper we prove the validity of this conjecture. Nevertheless, for groups of odd order, it is possible to prove a stronger result: ψ(C n ), then G is supersolvable.
On the other hand, in [6] there exist three conjectures about ψ(G). The validity of Conjecture 5 was proved in [4] and the validity of Conjecture 6 was proved in [3] . Moreover the following conjecture was posed in that paper.
[HLM]-Conjecture [6, Conjecture 7 ] If H ≤ G, then ψ(G) ψ(H)|G : H| 2 .
Finally, in the sequel of this paper we give an example which shows that this conjecture is not satisfied in general and it seems that we need extra conditions on G or H to have this result.
For the proof of these results, we need the following lemmas. 
If |π(G)| = 1, then G is a p-group and so G is supersolvable. Assume that |π(G)| ≥ 2 and the theorem holds for each group H such that |π(H)| < |π(G)|. Now we consider the following two cases:
Case (I) If G has a normal cyclic Sylow subgroup Q, then by Lemma 1.2 we have ψ(G) ≤ ψ(Q)ψ(G/Q). Using Lemma 1.4 and the assumptions we have ψ(C |G/Q| ) < ψ(G/Q) and |π(G/Q)| < |π(G)|. By the inductive hypothesis, G/Q is supersolvable and so G is a supersolvable group.
Case (II) Let G have no normal cyclic Sylow subgroup. . Therefore
which is a contradiction, by Lemma 1.5. Therefore π(G) ⊆ {2, 3, 5, 7}, where 2 ≤ |π(G)| ≤ 4. Now we consider the following cases:
In this case we have
•
Therefore G/H is supersolvable and so G is a supersolvable group.
supersolvable group, then we get the result. Let G/H be non-supersolvable. Therefore 
Then there exists a characteristic subgroup M in H such that |H : M| = 3. Therefore M G and |G/M| = 36. Thus G/M is a non-supersolvable group of order 36. Therefore using the list of such groups ((C 2 × C 2 ) :
Therefore 31 77
which is a contradiction. Thus β = 1 and so |H| = 1 and G ∼ = A 4 , which is a contradiction, since ψ(A 4 ) = 31. < 6.9 < 7, which is impossible. Case 4. Let π(G) = {2, 5} or π(G) = {3, 5}. Then by Lemma 1.7, there exists Proof. By Lemma 1.2, we have
Now by the non-supersolvability of G and the above result, we conclude that
It follows that the equality holds in (2). Thus P ≤ Z(G), by Lemma 1.2. Therefore by Burnsides normal p-complement theorem, there exists K G such that G = P × K.
Theorem 2.2. Suppose that G is a non-supersolvable group of order n such that
Proof. Let p be the largest prime divisor of n. We prove the result by induction on p. By the assumption, |π(G)| ≥ 2, and so p ≥ 3.
(1) Let p = 3. We note that G has no normal cyclic Sylow subgroup. There exists x ∈ G such that |G : x | < • Let G has a normal cyclic Sylow 5-subgroup, say P 5 . Using Lemma 2.1, there exists K G such that G = P 5 × K and ψ(K) = 31 77 ψ(C |K| ). We notice that K is non-supersolvable and π(K) = {2, 3}. By the above case, we have K = A 4 and G = A 4 × P 5 .
• Let [G : x ] = 5. Then |G/core G ( x )| = 5, 10, 15 or 20. Therefore G/core G ( x ) is supersolvable and so G is a supersolvable group, which is a contradiction. (b) Let π(G) = {2, 5} or π(G) = {3, 5}. Then there exists x ∈ G such that [G : x ] < 5. By Lemma 1.5, G has a normal cyclic Sylow 5-subgroup. Thus G is a supersolvable group, which is a contradiction. (3) Let p = 7.
Then there exists x ∈ G such that [G : x ] < 7. By Lemma 1.5, G has a normal cyclic Sylow 7-subgroup. Using Lemma 2.1, there exists K G such that G = P 7 × K and ψ(K) = 31 77 ψ(C |K| ). We notice that K is nonsupersolvable and π(K) = {2, 3} or {2, 3, 5}, therefore by the above cases we have G ∼ = P 7 × A 4 or P 7 × P 5 × A 4 , respectively and we get the result. ψ(C |K| ). Then K is non-supersolvable and π(K) = π(G) \ {p}. Therefore using the above discussion and the induction hypothesis we get the result.
2.3.
Supersolvability for group of odd order. Notation 2.3. Let {q 1 , q 2 , q 3 , · · · } be the set of all primes in an increasing order: 2 = q 1 < q 2 < q 3 < · · · . Let also q 0 = 1. If r, s are two positive integers, we define the functions f ′ (r) and h ′ (s) as follows:
In the sequel, let A := SmallGroup(75, 2) = (C 5 × C 5 ) : C 3 . We know that ψ(A) = 271 and ψ(C 75 ) = 3647. Similarly to the proof of Lemmas 2.4 and 2.5 in [6] we get that:
αr be a positive integer, where p i are primes,
The proof of Theorem 1.1 is very similar to the proof of [T]-conjecture, and so we remove the details of the proof.
Proof of Theorem 1.1. We prove the result by induction on |π(G)|. The assertion is trivial if G is a p-group, and let the result holds for each group H, where |π(H)| < |π(G)| (exactly similar to the proof of [T]-Conjecture).
We consider the following two cases: Case(I) If G has a normal cyclic Sylow subgroup Q, then we get the result. Case (II) Let G have no normal cyclic Sylow subgroup. Let p be the largest prime divisor of |G|. If p ≥ 37, then by Lemma 2.4, we have
. Therefore
which is a contradiction. Therefore π(G) ⊆ {3, 5, 7, · · · , 31} and so 2 ≤ |π(G)| ≤ 10. Now we consider the following cases:
Using Lemma 1. If [G : x ] = 13, then by Lemma 1.6 we have |G/core G ( x )| = 13m, where m ∈ {3, 9, 5, 7, 11}. Therefore G/core G ( x ) is a supersolvable group and so G is a supersolvable group. If [G : x ] = 27, then by Lemma 1.6 we have | x : core G ( x )| < 27. If 13 | | x : core G ( x )|, then |G/core G ( x )| = 13 · 27. Let P 5 ∈ Syl 5 (core G ( x )). We have P 5 ∈ Syl 5 (G) and P 5 G, which is a contradiction. Therefore 13 ∤ | x : core G ( x )|. Let P 13 ∈ Syl 13 (core G ( x )). We have P 13 ∈ Syl 13 (G) and P 13 G, which is a contradiction. Case 4. Let p = 11.
• If π(G) = {3, 5, 7, 11}, then there exists x ∈ G such that [G : x ] < 26. Therefore • If π(G) = {3, 7} or {5, 7}, then easily we can see that G is supersolvable.
• If π(G) = {3, 5, 7}, then there exists x ∈ G such that [G : x ] < 25. Therefore [G : x ] = 7, 15 or 21. ◮ If [G : x ] = 7, then we get the result. ◮ Let [G : x ] = 15. Then |G/core G ( x )| = 15m, where m ∈ {3, 5, 7, 9}. If m = 7, then we get the result. Otherwise, the Sylow 7-subgroup of G is cyclic and normal, which is impossible. ◮ Let [G : x ] = 21. Then |G/core G x | = 21m, where m ∈ {3, 5, 7, 9, 15}. If m ∈ {5, 15}, then we get the result. Otherwise, the Sylow 5-subgroup of G is cyclic and normal, which is impossible. Case 6. Let π(G) = {3, 5}. Then |G| = 3 α 1 5 α 2 . In this case we have which is a contradiction. Thus β = 2 and so G ∼ = A = (C 5 × C 5 ) : C 3 , which is a contradiction.
Counterexample for [HLM]-Conjecture
Using the notation in GAP, let G = SmallGroup(32, 7) × C m ∼ = ((C 8 : C 2 ) : 
